X, > )4 by X > V' and, it will be seen, amounts to first proving the result for the simple function and then extending it to the more general function. Products such as 7r(x; X)7r(x; X') will be written in the form 7r(x; X + X'). Further simplification is effected by substituting the statement, "p2(x) is equivalent to pi(x)," for the statement, "the two expansions of f(x) in terms of the polynomials corresponding to the weight functions p2(x) and pi(x) are equivalent."
3. Preliminary Formulation.-A special form of relation (3) is required for the procedure given here. Let p (x) = 7r(x; X)p2(x) and without change in the restrictions on and definitions of pi(x), p2(x), p(x) and f(x), but with slight modifications of the definitions of rkn and Bik, write relation Let 7rm(x; j,) be a polynomial of the kind described above, ,u . X; and, for every value of k < n -m, let Pn-k-.m(x) be a polynomial of degree n -k -m at most. Since the integral in equation (6) There is some latitude in the choice of assumptions sufficient to cause the second member of the last inequality to tend to zero as n increases indefinitely. Since more satisfactory results are obtained, in general, if f(x) is lightly restricted, f(x) will be left, as heretofore, a function of classes Lpl(a, b) and L2pl(a, b) As the boundedness of M(x) is important in this result, it is useful to know that the polynomials [pn(x; P2)] are bounded at a value of x which is not a zero of xr(x; X)p(x) and for which the polynomials [pn(x; P1)] are bounded.7 The conditions given are sufficient to permit one to replace the sign of formal expansion in (4) by the sign of equality.8 Since Bik = f ir(x; X)p2(x)Pk(x; p2)pi(x; pi)dx = 0, when i <k, lr(x; X)p(X)pk(x; P2) = 4. Equivalence Theorem.-From the preceding Lemma it is possible to draw a succession of results which can be combined in a single theorem. The first result, however, comes more easily from the procedure leading to the Lemma. Let 7r(x; X) = 7rm(x; A) = 1, and let p(x) be a polynomial of degree r, non-negative in (a, b) . Then for n -k > r one can take Pn_-k(x) = p(x) and so have from (7) E = 0. The first inequality of (8) As a first application of the Lemma, let p2(x) = pl(x) = 7r(x; X')pl(x), where pl(x) has the properties hitherto attributed to pi(x). In abridged notation, let the integer is 2 X' + 1 and X = 2,u-X'. Then7r(x; X)p2(x) = lr(x; X)ir(x; X')pl(x) = 7r(x; X + 'X')p(x) = 7r(x; 2,u)pi(x) . 7r(x; 2, + 'Pi(x= [irm(x; s) i=l This Theorem can be further generalized. If p(x) = (1 -x2) -1/2, p'(x) does not satisfy a Lipschitz condition. But the derivative of the product (1 -x2)l'2p(x), after removing discontinuities, does. One has, then, (1 -x2)'/2p2(x) equivalent to pj(x), (1 -x2)1/2p2(x) equivalent to
